Abstract. Using the authors' 2014 "constraints method," we give a short proof for a 2015 result of Dobbins on representations of a point in a polytope as the barycenter of points in a skeleton, and show that the "r-fold Whitney trick" of Mabillard and Wagner (2014/2015) implies that the Topological Tverberg Conjecture for r-fold intersections fails dramatically for all r that are not prime powers.
Introduction
The Topological Tverberg Theorem states that for any d ≥ 1, prime power r ≥ 2, and N := (r−1)(d+1) every continuous map of the simplex ∆ N to R d identifies points from r vertex-disjoint faces of ∆ N . This result was established for prime r by Bárány, Shlosman & Szűcs [2] in 1981, and for prime powers r in famous unpublished work by Özaydin [15] from 1987. The belief that the result should be equally valid for values r ≥ 6 that are not prime powers, known as the Topological Tverberg Conjecture, was left open, as "a holy grail of topological combinatorics" (Kalai [9] ).
The "constraint method," introduced by the authors in 2014 [4] , shows that the Topological Tverberg Theorem implies virtually all subsequent extensions and sharpenings that were previously viewed as substantial independent results, such as the "Colored Tverberg Theorem" of Živaljević & Vrećica [21] or the "Generalized Van Kampen-Flores Theorem" of Sarkaria [16] and Volovikov [18] .
In this paper, we first illustrate the mechanism and the power of the constraint method outside the classical "Tverberg type theorems," by a simple proof of a 2015 Inventiones result of Dobbins [6] . (This was the content of our research announcement [3] .)
More importantly, we get a new quality by showing that the constraint method not only yields substantial consequences by "using the Topological Tverberg Theorem": It also allows us to derive from deep recent work of Mabillard and Wagner the failure of the Topological Tverberg Conjecture for all r ≥ 6 that are not prime powers.
Mabillard and Wagner announced their work on the "r-fold Whitney trick" at the SoCG conference in June 2014 [12] . At that time, it seemed that due to the codimension condition implicit in both the classical and the r-fold Whitney trick, their work would not yield the desired counterexamples to the Topological Tverberg Conjecture. This was reiterated in lectures by Wagner in Copenhagen (November 2014) and by Mabillard in Berlin (January 2015). Thus the insight and announcement of counterexamples by the second author in February 2015 in Oberwolfach [7] seemed to be surprising (as documented e.g. on the Kalai blog [9] ). Now, after the release of the full journal version of the Mabillard-Wagner work on ArXiv in August 2015 [13] , we present here our short and simple proof that this yields the failure of the Topological Tverberg Conjecture (based on the research announcement [7] ) in Section 4. Finally we comment on the degree of failure of the Topological Tverberg Conjecture, and pose a new conjecture, in Section 5.
Constraints, an example
The main idea and the power of the so called "constraint method" becomes apparent in the following brief proof of a result by Dobbins from 2015. 
We can assume that p = 0 is in the interior of P , otherwise we could restrict to a proper face of P with the origin in its relative interior. Let first r be prime. Consider the linear space W r = {(x 1 , . . . , x r ) ∈ R r :
of C is homotopy equivalent to a wedge of (r − 1)-spheres and thus is (r − 2)-connected.
Let (x 1 , . . . , x r ) ∈ C (r−1)
, then at least one x i lies in P (k)
. Suppose for contradiction that
for all i = 1, . . . , r. For each x i let σ i be the inclusion-minimal face of P with x i ∈ σ i . Consequently,
with the τ i faces of P . The point (x 1 , . . . , x r ) lies in the face (σ 1 × · · · × σ r ) ∩ W ⊕d r but in no proper subface. Now
, which is a contradiction. Consider the function ψ :
. If the action of the symmetric group S r is given on P is (r − 2)-connected, so ψ has a zero by a theorem of Dold [14, Thm. 6.2.6] applied to the subgroup Z/r of S r , which acts freely on W r \{0}.
. Since
we have p 1 + · · · + p r = 0. The case for general r follows by a simple induction with respect to the number of prime divisors, as in [6] : Suppose r = q 1 · · · q t with q i prime and the theorem holds for any number r that is a product of at most t − 1 primes.
). In particular, the y 
. The Topological Tverberg Theorem applied to the function g yields a collection of points x 1 , . . . , x r in pairwise disjoint faces σ 1 , . . . , σ r with f (
. We can assume that the all σ i 's are inclusion-minimal with the property that x i ∈ σ i , that is, σ i is the unique face with x i in its relative interior. Now, if one of the σ i 's were in ∆ (k)
This is a contradiction. Therefore, one of the faces σ 1 , . . . , σ r has to belong to the k-th skeleton ∆ 
Counterexamples to the Topological Tverberg Conjecture
In this section we will show how a result of Mabillard and Wagner implies counterexamples to the r-fold version of the Generalized Van Kampen-Flores Theorem for any r that is not a prime power. Since this result would be a corollary of the Topological Tverberg Conjecture, this also implies that this conjecture is wrong for any r that is not a power of a prime. The results of this section are the content of the second author's research announcement [7] .
For a simplicial complex K denote by
is a polytopal cell complex (its faces are products of simplices). 
where, with usual abuse of notation, S r is assumed to be a zero dimensional simplicial complex whose vertices are elements of the group S r . The group action is given by left translation.
The free S r -space (∆ It is worth stressing that the theorem above provides counterexamples to an extension of the Generalized Van Kampen-Flores Theorem for any r that is not a prime power, and for any N . Thus any simplicial complex K of dimension (r − 1)k can be mapped continuously to R rk in such a way that any r pairwise disjoint faces do not overlap in the image. Since the Generalized Van Kampen-Flores Theorem is a higher-dimensional, multi-intersection analogue of "K 5 is non-planar", in the sense that the case r = 2 and d = 2 reduces to this statement, the theorem above implies that some higher-dimensional, multi-intersection analogue of the non-planarity of K 5 exists if and only if r is a power of a prime.
We have already pointed out that, if the Topological Tverberg Conjecture holds for some r, then the Generalized Van Kampen-Flores Theorem holds for the same r. Since Theorem 4.2 contradicts the r-fold Van Kampen-Flores Theorem for r not a power of a prime, the Topological Tverberg Conjecture must also fail for those r. Proof. We will explicitly construct the map F from the map f whose existence is guaranteed by Theorem 4.2. Let f : ∆ N −→ R rk be a continuous map as constructed in Theorem 4.2, that is, such that for any r pairwise disjoint faces σ 1 , . . . , σ r of ∆
. Suppose there were r pairwise disjoint faces σ 1 , . . . , σ r of ∆ N such that there are points x i ∈ σ i with F (x 1 ) = · · · = F (x r ). By restricting to subfaces if necessary we can assume that x i is in the relative interior of σ i . Then all the x i have the same distance to the (r − 1)k-skeleton of ∆ N .
Suppose that all faces σ i had dimension at least (r − 1)k + 1. Then these faces would involve at least r((r − 1)k + 2) = (r − 1)(rk + 2) + 2 > N + 1 vertices. Thus, one face σ j has dimension at most (r − 1)k and dist(x j , ∆
and thus
for all i. This contradicts our assumption on f .
If the Topological Tverberg Conjecture holds for r pairwise disjoint faces and dimension d + 1, then it also holds for dimension d and the same number of faces. This is a simple fact that follows easily from the constraints method, but was also pointed out by de Longueville [10, Prop. 2.5]. In fact we will show stronger dimension reduction results in the next section. Thus, we are only interested in low-dimensional counterexamples. If r is not a prime power then the Topological Tverberg Conjecture fails for dimensions 3r + 1 and above. Hence, the smallest counterexample this construction yields is a continuous map ∆ 100 −→ R 
The constraints method of [4] yields a combinatorial reduction of this result to the Topological Tverberg Theorem like in the case of the Generalized Van Kampen-Flores result. Thus the refutation of this result also implies that the Topological Tverberg Conjecture fails outside the prime power case. Let r ≥ 6 be an integer. By Bertrand's postulate there is a prime strictly between r − 1 and 2r − 4, so
There are of course much more precise estimates available: For example, for any ε > 0 and sufficiently large r (depending on ε) there is a prime between r and (1 + ε)r, so
We refer to Lou & Yao [11] for even stronger bounds.
Next we investigate the asymptotics of the function
Lemma 5.2. Let d ≥ 1, r ≥ 2 and k ≥ 2 be integers, and let N ≥ (r − 1)(d + 1). Suppose that for every continuous map F :
for all j = 1, . . . , k, where we have equality for the λ This seems to be the strongest plausible statement whose refutation would require methods that are different from the ones employed in [13] or in the manuscript at hand.
